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Abstract. A systematic study of properties of a set of operators leads to a new approach to
solve the XY model. The algebraic solution refers only to a subalgebra of spin operators.
Though the connection with the algebra of related fermion operators is apparent, these
need not be referred to. As a by-product, Onsager’s method for the Ising model results in a
very simple form, and its relationship to the approach of Schultz, Mattis and Lieb becomes
transparent.

1. Properties of a simple set of operators

The X Y model in one dimension is of a very simple structure (Lieb et al 1961, Katsura
1962). The eigenfunctions and eigenvalues of the symmetric hamiltonian are known as a
special case of the Bethe solution of a more general class of Heisenberg hamiltonians,
and at the same time a direct algebraic solution is known in terms of fermion quasi-
particle operators. The significance of the model is partly in its role as a special case of
more general Heisenberg hamiltonians, partly through its direct connection with simple
models of statistical mechanics.

A new way to look at the solution of this model may shed some light on possible
extensions, and may pave the way also towards an understanding of the model in several
dimensions. This was the motivation of the present algebraic approach in which a
reference to fermion operators is made only to establish the connection with known
methods, and all the relationships can be and have been established without introducing
them. These fermion operators may not be of much help in more than one dimension.

The hamiltonian of the XY model, with a constant asymmetry parameter I, can be
written in the form

, 1+ 1-T
H = — 5 AP — 3 Ay, (1a)
with
N
A7 =1 Y ook, (1b)
j=1
N
AV =3 ) olol.,. (lc)
i=1
The Pauli matrices 67, 6%, 0 are defined on the sites j of a ring, where j = 1,2,..., N,

with periodicity conditions 67, y = 6}, 0%,y = 67,65,y = 0.
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1680 D K Jha and J G Valatin

If one forms the commutator [A}*, 4], then forms the commutator of this with 47~
and with 4%’ and continues the process, one is led to consider the set of operators

N
_ 1 z z X
Af =3 Z 070541 O5ui—10] 4+ (2a)
j=1
N
=1 4 y
AP =3 Z 030541 -+ Oj41-107+ (2b)
j=1
N
y — L z z y
AP =3 Z 070541+ O5e1-107+ (2¢)
j=1
N
yx - 1 Y 2 z x
AP =3 Z 050541 Oj+1-10+1 (24)
i=1

For I = 1, the expressions (2a), (2b) give (1b), (1c). The commutator algebra of these
operators is closed. It is reduced by introducing the symmetric and antisymmetric
combinations

Agxy) — Afy-i-Afx, (28)
A§xy} - Afy—Ay", (2f)
since A can be shown to commute with all A7, 477, A7
In terms of the spin raising and lowering operators

ol

i = 3loj tia))

one can alternatively consider the quantities

N

Al T = Z Uf0'7+1...0'§+[_10'j_+1 (30)
j=1
N

At = Z 0','-0'7+1~--0'§+t—10'f+l (3)
j=1
N

Af T = Z O'}L0'§+x---0'§+1—10'j++1 (3¢)
j=1
N

AT = Z 0, 05e1- 03411041 (34)
j=1

for which
(A7) = A7, (A7) = A, (3¢)
(AF ) =47 (3f)

The two sets of operators are related by the equations

AP+ AY = A "+ AT (4a)
AT — AP = AT+ A7 (4b)
AP = —iA T =47 7). (4c)

AP = (AP T —AT ), (4d)
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If one defines the operator
U = dio...0%, U? =1, (5a)

this commutes with ¢7 and anticommutes with ¢}, and consequently it commutes with
the previous sets of operators. It also connects operators with index / and /[+ N in a
simple way, according to the relationships

Afiv =AU, ALy = —AT7, (5b)
Ay = —A77U, Apy = -4 U (5¢)

From the definitions one has for instance
N
+ - + -
Ay = Z 070541 05 1-1(054 1 Tl n-1)014 ja N (54)
i=t

Since 63,,...05,,.y-; = U, and because of the periodicity conditions o/, ;. y = 05,
the relationship 4,y = — A" ~U follows from Usy, ;+0,5 ;U = 0.

On the other hand, the sets of operators considered are periodic with period 2N, that
is they are invariant with respect to replacing [ by [+2N. With U? = 1, the relation-
ships (5b), (5c) give immediately

Al++—2N = _A1++7VU = Al+ e A1_+§N = A7 ’ (5e)
A1+++2N = Az+ - Aiian =47~ (5f)

The definitions (3a)—(3d) of these operators 4, imply [ > 0, but through the periodicity
with 2N one can extend the definitions to I < 0, by writing

A=Ay, Ao = Az (6a)
For I not equal to zero or to a multiple of N, one finds the identities
AT = A7, Al = A, (6b)
ATl = —AfT, A = —A]". (6¢c)
To show the first of these, write
ALl = Ay, = j—il O'f(afﬂ e O54aN-1-1)0 s 2N (6d)

with U2 = 6%, ;... 0%, ,y = 1, one has

z z — ez z 2 _ .z z z
Oie1 - OGean—t=1 = 01+ Ojpan—1-1U" = Gieon-1054an-141- - Oj42n
— Z -4
=07_,05_141...0; (6e)

which gives

N
AL =Y 6.0 1sy... 050}, 61)
j=1
where after substitution, the last factor ¢; ,5_; = ¢;_, of the explicitly indicated term of
(6d) has been commuted through all factors except o7, with which it was combined
according to ¢i_,0;_;, = —o;_;. Similarly the first factor o] has been commuted
through all the other factors and combined with o5 according to ¢; 5 = —o; . The
expression (6f) differs from 4; * only through a relabelling of its terms.
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For | = 0, one finds the identities

A~ = — .il 3(1+06%), At = jil H1—03), (7a)
= =
=0, A; ~ =0 (7b)

To obtain the expression of 45 ~ write

A~ =A5y = j—il af(UZO';HN)Uﬂ- 2N (7c)
With U? =1, and ¢} ¢i6] = —0oio;0; = —3(1+07) the form (7a) of 45~ follows.
Related expressions for [ = N are given through the relationships Ay = —A,U.

In forming the commutators of the set of operators (3a), (3d), one finds

(4 7. 4771=0, (4,7, 4771 =0, (8a)

[4) 7,47 "1 =0, (8b)

(47", 477 1=0, (4, 7,47 7] =0. 8¢)
As already mentioned, 4" = i(4; ~ ~ A, *) commutes with all the other elements, and
one has

(AP HAT " +AT )] =0, (84)

(AP AT =0, (AP, A7 "] =0. (8e)

For the remaining commutators one obtains

[%(Al’ T+ AI_’ +), Az+ +] = AH-I Az+—7'» (8f)
[(HA "+ A7 ) ATT) = AL+ ALY, (8g)
(AF " AT T = AL+ AL - A= A (8h)

which shows that the commutator algebra of 4;" =, A7 *, A ©, A; ~ is closed.
For the quantities 47, A}”, A%, A, the identities (6b), (6¢) and (4a)-(4d) give

AT, = A, A¥, = Af, (9a)
ABY = — 4P, AR = — 4P, (9b)
For | = 0, from (7a), (7b} and (4a)-(4d) follows

AT = A = —3 Z o5, (10a)

A = 0, Agcw = —iN. (10b)

The commutation relations (8 f}{8h) give

[(AF = AP), (A7 + AP)] = 2i(Af2} — A2, (11a)
[(AF*+ AP), AFV] = 20(AFZ 0 — 4120+ (AFZ 0 — A2)), (115)
(AP, (AP = AP)] = 20— (475 + AR (AT + AR )) (11c)

First it will be the commutator algebra of this set of operators that will be exploited.
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2. A new approach to solve the symmetric XY model

For I' = 0, the hamiltonian (1a) of the X'Y model can be written in the form

#O = —HAT T +ATY) (12a)
with
N N
A1 T o= Z O';-Uj_+19 A1_+ = Z 0'}‘_0';;.1. (12b)
j=1 j=1

The commutation relations (8a), (8b) show that the hamiltonian #° commutes with the
set of operators A" ~ + A, * and 4"~ — 4] *. From (8f) one obtains on the other hand

(A A Y] = AR+ AL (12¢)

This equation permits the construction of a special set of eigenstates of #° by looking
for operator solutions b of the equation

[#°,b] = eb. (13a)

If ¢ is an eigenstate of #°°, then b¢ will be an eigenstate too, with an eigenvalue difference
e. A possible choice of ¢ is the state ¢, for which o} ¢, = 0, #°¢, = 0.
Looking for solutions b which are linear combinations

2N
b= df* (13b)

=1

of the operators A;" *, the commutator [#°, b] obtains the form

2N 2N
[(#°,b] = Z (A5 + Z (CTEPE LTV Dy (13¢)
=1 1=
Because of A" = —A;' 7, there are only N — 1 linearly independent terms in (13b), but

a sufficient condition to satisfy equation (13a) is to choose for the coefficients o, solutions
of the equation system

A+ = ey, forl=1,2,...,2N. (14a)
These equations are solved by %, ~ exp(+iK]I), or any linear combination

¢, exp(iKl)+ ¢, exp(—iKl),
with eigenvalue

e =2cos K. (14b)

Since A5y = A * = 0, one can take 2, = 0 and choose c;, ¢, to give

1
= —sinK
o = N sin K1 (14c¢)
where the normalization factor is arbitrary. The periodicity A5y = A7 F of the

operators can be reflected in the periodicity condition

Apray = & (14d)
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of the coefficients which is satisfied if

exp(i2NK) = 1. (14e)
This gives

K= sz withm=14,1,3,2,...,N. (141)

The operators
2N

by = 2N (sm KDA* (15a)
satisfy the equations

[#7°, bg] = (2 cot K)bg. (15b)

They commute with each other,

(bk, bg] =0 (15¢)
and one has

b_x = —by. (15d)
The sum (15a) can be inverted to give

" =Y bgsinKI (16a)
K

which is summed over 2N values of K and is essentially a Fourier expansion of 4, *. For
the adjoint one can write similarly

A7~ =Y b} sin Kl (16b)
K

For integer or half-integer values of m in (14f) one has sin K(I+ N) = £sin K/, and
for the coefficients a(K) ~ sin K[ in (13b), (15a) one has accordingly o, , y(K) = Fo(K).
If one combines this fact with 4;%% = — A4;"* U, the sum (15a) obtains a projection
operator factor

2, =1(1+U), (17a)
with
l half-integer
; sin KN4, 2, for m{integer (17b)

In the expansion of 4; 2, in terms of by, on the other hand, only K values with half-
integer m appear, and in the expansion of 4;' *#_ only K’s with integer m.
From the equations (15b) follows also

N
[A#°, by, ...bg] = (2 Zl cos Ka) bk, - by, (18)

As will be seen in the following section, the spectral decomposition of #° can also be
obtained in terms of the special set of operators considered.
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3. Fermion operators and pseudo-spin algebra

Define

U, = a3, U, = ¢ios, U;=6%0%,...,05, (19a)
where

Uy=U, (19b)
and

Uy=U,y =L (19¢)

In terms of these operators, the Wigner—Jordan transformation which relates fermion
operators to o] can be written in the simple form

aj=0';Uj__1, a; = U'_la‘_. (200)

J J

The creation operators a; and annihilation operators a! satisfy fermion anti-commuta-
tion relations.
One can also define

a;.y = a;U, al.y = Ud, (20b)
so that
dj+an = 4, a}+2N = a}. (200)

The operators (3a)—(3d) can be expressed in terms of a;, a} as bilinear expressions

N N

Al T =) aal., At = Z ala;y, (21a)
i=1 i=
N

At = - Z aGiiy, Al = Z a J+l (218)
j=1

Though a reference to the fermion operators makes some aspects of the algebra more
transparent, the set of operators 4;" =, 4;7 ©, A;" *, A;” ~ define a much smaller subalgebra
than the algebra of fermion creation and annihilation operators and may be still useful
in problems where an introduction of fermion operators is no longer advisable.

If one wants to refer to Fourier transforms a; of the fermion operators with the
usual normalization given by

in
a; = exp( )N”z Y ag exp(—iKj) (22a)

in the subspaces 2, = }(1 + U), where X} stands for a corresponding summation over
half-integer or integer K values, one has to substitute (22a) in operator expressions
with a factor 2, . With the expression (21b) of 4, * one obtains

Al P, = —12 Z exp(—iK’ I) Z expl —i(K +K')j]|agay.
j= (22b)

~i) exp(iKDaga_g.
K

The last expression results by writing 6 -, for the parenthesis in the double sum
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and summing with respect to K'. If instead one first performs the summation with
respect to K (and then omits the primes), the result is

Af TP, =1) exp(—iKDaga_g. (22¢)
K

In averaging the two expressions one can write sin K/ for the coefficients. With
P, +P_ =1, and in introducing the pair operators

by = aga_g, b} = a® ya} (23a)
one has also
Af T =3 bygsinKl,
K

and similarly

A7~ =) bisinKl
K

which are the same expressions as (16a), (16b).
With the help of the number operators

ng = agak (23b)
one can write similar expressions for 4; =, A7 ©. One has
AT = =) exp(—iKDny, A7 " =Y exp(—iKD(1—ny), (23¢)
K K

AT =1) exp(—iKbg, A7 =1) exp(—iKDb}. (23d)
K K

The sum and difference of the two expressions (23¢) can be written in the form

Af T+ A7 =Y mycos Kl (24a)
K
(A7 ~— A7) = mysin Kl (24b)
K
with
mg =1-—ng—n_g, mg = m_g, (24¢)
ml(:nx_n_K, ’?IK= —?7‘!_,(. (24d)

The expressions for 4, *, A7 ~ can be inverted to obtain (15a) and its adjoint for
by, bk, whereas from (24a), (24b) one obtains

1 2N _ _
mg =55 X (47 "+ A7 ")cos K, (25a)
_ 1 2 _ s
iy = ml; i(A;f ~ — A7 T)sin KL (25b)

Through these relationships the commutator algebra of the operators A; =, 4, *,
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A7 Y, A7 is reduced to irreducible parts by, b, my and g, any of which commutes
with any operator by, b., my. and . for K # +K'. My commutes with by, by, my,
as can be seen from the expression (25b) and the previous commutation relations.

At this stage, however, there is no need to restrict attention to the commutator
algebra. For by, bk, ny, n_g one has the simple operator products

ngbx = bg, bxng =0, (26a)

n_xbx = by, bxn_x =0, (26b)

bbk = ngn_g. bkbg = (1=np)(1—n_g), (26¢)

bz =0, (bY)?* =0, ng = ng, nly=n_g. (264)
The operator

Py = ngn_g+(1=ng)(1—n_g) (27a)
is a projection operator,

P = Py, (27b)
and one has

mg = Py, (27¢)

bybk +bkby = Py, (27d)
whereas from (26a), (26b) one obtains

bymg = by, mgby = — by, (284a)

mgbk = b}, bimy = —b}. (28b)
The commutation relations that follow from (28a), (28b) and (26¢) are

[mg, bg] = —2bx, [m, bk] = 2bk, (28¢)

[bk. byl = mg, (284)

which are the commutation relations of pseudo-spin operators.

Because of (1 +U)4(1—U) = 0, the product of any operator by, b, mg, my with
an operator by, bk, mg., iy is zero if K = (2n/N)m corresponds to an integer m and
K’ to a half-integer m'".

With the expression (12a) of the hamiltonian of the symmetric XY model, and the
decomposition (24a), one can write

H® = -4 mycosK. (29q)
K

This expression is equivalent to the spectral decomposition of #°°, and the eigenvalues
can be read off in a simple way. The operators myg_,, mg-, appear only once in the
sum (29a), the other my twice because of my = m_y.

If one wants to give a complete set of eigenvectors of #°°, one has to refer to operator
products of the form ay, ...ag, . The projection operators Py, g of these states can
be expressed, however, with elements of the subalgebra and are of the form

Pe, x,, =2 I ne [] ((t—np. (290)

K=K;...Kn K#K;...Kn
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They commute with #°, and satisfy equations of the form
‘#OPKL..K,. = €x,.. kP y.. Koo (29¢)

where the eigenvalues ¢, g, are given by the expression (29a).

In referring to these projection operators and determining energy values, it is not
only the commutator algebra of 4] =, A] ¥, A ¥, A] ~ that is referred to but the full
algebra of these quantities introduced through their operator products. After a reduction
to the quantities my, iy, by, b} with the help of the commutator algebra, the operations
within this algebra are, however, rather simple.

4. Asymmetric X'Y model

The hamiltonian (1a) of the asymmetric X Y model can be written in the form
H = —3[(A7 "+ A7 )+T(A; T+A7 7)) (30a)

The eigenvalues and special pair solutions can be determined in j space by similar
commutator methods as for I' = 0. It is simpler, however, to use directly the decom-
positions (24a), (16a), (16b) and write

H =%y Ay (30b)
K
with
Hy = vgmg + pglbg +b), {300
vg = cos K, g = I'sin K. (304)
Because of my =m_g, by = —b_g, vy = Vv_g, g = —l_g one has #; = #_,, and

for K # 0, 7 the terms of (30b) are pairwise the same which leads to a cancellation of
the factor %.
The terms #} of # commute, and each can be diagonalized by writing

Ex = (vk + 1), (31a)
v ) U
cos Oy = E’i, sin g = E—z, (31b)

and introducing

My = my cos Ox + (bg + b)) sin I, (31¢)
By + B} = —mg sin 8; +(bg + bk) cos b, (31d)
By— B} = by—b}, (3le
'/”—K = g, (311)

which represents a simple rotation of the pseudo-spin operators. In the same way as
my,my are related to the number operators ng,n_g, the operators .#, #y define
Ny, N g through the equations

My = 1= Ng— N g, ]K=JVK“‘/V—K- (31g)



XY model and algebraic methods 1689

These satisfy 42 = Ay, 42 x = A~ g and are fermion quasi-particle number operators.
One has

B =0, (BL)? =0, (32a)
BB} + BBy = Py, (32b)
ME = Py, (32¢)

and the relationships (28a)—(28d) are transformed into

By My = By, MyBy = — By, (33a)

MyB} = B}, Bi 4, = — B} (33b)
and

[ My, Bl = — 2By, [y, BY] = 2B} (33¢)

[B;(’ By] = .M. (334)

According to (30¢), (31a)-(31¢) the term # of the hamiltonian can be written as
Hy = Ep by, (34a)
This gives commutator equations

[%’ BK] = 2EKBK’ (34b)

[#,Bg,... Byl = (2 y EK,) By, ... By, (34¢)
1

a=

and gives eigenstates By, ... Bx ¢, in the subspace P_ in which for ¢, one has

Bido =0 (35a)

Hpo = Wodo (35b)
with

Wy = —%;’ Eg. (35¢)

The form (30b), (34a) of the hamiltonian is equivalent to its spectral decomposition
in terms of commuting projection operators. In order to obtain it there is no need to
introduce the fermion quasi-particle operators &y, & ¢ given by the transformation

ag = Excos iy + &L sinidy (364)

a_g = —Egsingdy+ &, cos 36 (36b)
and by the adjoint equations. The relationships

By = ¢kéx> B} = &t iét, (36¢)

M = &xéks (36d)

make the content of the algebraic rules (32a)-(32¢), (33a)-(33d) nonetheless more
transparent. The construction of a complete set of eigenvectors of the hamiltonian
would have to refer to products &, ..., of these quasi-particle operators. The
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projection operators of the eigenstates can, however, be expressed in terms of the

subalgebra considered, and are of the form
Py ke = 2. H’ Nk “/ (1—A%). (37)

K=K;...Kn K#K;...Kn

5. Transfer matrix of the Ising model

The partition function of the two-dimensional Ising model (Onsager 1944, Newell
and Montroll 1953, Schultz et al 1964) in the absence of a magnetic field, can be obtained
by determining the largest eigenvalue of the transfer matrix

V= Vizyyie (38q)

where one can write

N
V, = Cexp(ﬁ AT (38b)
ji=1
N
V, = exp(H’ Z 6707411 (38¢)
j=1
with
C = (2sinh 2H)™2, (384)

Here H = J/kT, H' = J'/kT where J, J' are the coupling constants of the Ising model,
k is Boltzmann’s constant, T the temperature and H is determined by the equation
sinh 2H sinh 2H = 1.

With the notation (10a) and (1b), one can write

V, = Cexp(—2H A%, (38¢)
V, = exp(2H' A¥). (38f)

Apart from factors and notation, Onsager’s starting point is to form the commutator
algebra generated by A5* and 47", and in this way he obtains the operators 47* and
AP, The quantities 4} and A of the more systematic treatment of spin operators
do not appear in his work, but according to the relationship (9a) the A}* can be obtained
from the quantities A7*. The set A}* is needed here only to construct the projection
operators of the eigenstates. In reducing the commutator or Lie algebra, Onsager
arrives at pseudo-spin operators expressible in terms of my, by, b} .

According to (10a) one has A5* = A% and with the relationships (4a), (24a) one can
write

245 = Y my. (39a)
K
At the same time, with (4a), (4b), (24a), (16a) and (16b) one has
247 = Y (my cos K + (b + b}) sin K). (39b)
K

This decomposes the transfer matrix into commuting factors

V(K) = VIHKW(K)V 1K), (40a)
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with

PL2(K) = exp(— Amy), (40b)

V,(K) = exp{2H'[my cos K +(bg + b)) sin K]}. (40¢)

The explicitly given expressions are those for K # 0,7 and for these an extra factor
two in the exponents results from the identity of terms with K and — K in (39a), (39b).
In the two subspaces given by the projection operators 2, = $(1+U), the transfer
matrix V. = 2.V is of the form

Ve = CII V(K). (40d)
K
One has mi = Py and the square of the operator factor of 2H’ in (40c) is also equal
to the projection operator Py. One can write (40b), (40c) accordingly as
V1K) = (1= Py)+ Py(cosh H —my sinh H) (41a)
Vy(K) = (1 = Pg)+ Pg{cosh 2H' + [my cos K + (by + b}) sin K] sinh 2H'} (41b)

In forming the product (40a}, only the simple multiplication rules (27b)-(27d), (28a), (28b)
are to be used to obtain

V(K) = (1= Py)+ PlF + Vgmy + fix(bg + b})] (42a)
with

%4 = —sinh 2 cosh 2H’ +cosh 2H sinh 2H’ cos K, (42b)

fix = sinh 2H’ sin K, (42¢)

Fy = cosh 2H cosh 2H’ —sinh 2H sinh 2H' cos K. (42d)
As in (31a), (31b), one can write

Ee = Ok +ap)'"? (439)

cos b, = %—'; sin 8, = % (43b)

and perform a transformation (31¢)-(31f) which results in
V(K) = (1= Py)+ Py(Fx + Eg ). (43¢)

Because of the identity F2 —E2 = 1, which follows from the definitions, one can also
write

Fy = cosh ¢, E, = —sinh ¢ (43d)
and
V(K) = (1 — Py)+ Py exp(—ex.#y) = exp(— ex.Hy). 43e)

The simple form of the transfer matrix obtained from (43c) or (43e) is equivalent to its
spectral decomposition in terms of projection operators of the form (37).

Onsager’s method can be seen in this way to involve only rather elementary con-
siderations. The close connection with the method of Schultz et al is evident from the
previous discussion of the relationship between fermion operators and pseudo-spin
algebra. The presentation given here is strongly based on their insights concerning the
connection of the diagonalization of V with the quasi-particle transformation.
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